Abstract. Let H be a Hopf algebra, and A an H-Galois extension. We investigate H-Morita autoequivalences of A, introduce the concept of HPicard group, and we establish an exact sequence linking the H-Picard group of A and the Picard group of A coH .
Introduction
The aim of this paper is the following generalization, presented in Section 7 below, of the main result of M. Beattie and A. del Río [4] (see also [14] for an approach based on [13] ).
Theorem 1.1. Assume that H is a cocommutative Hopf algebra over the field k. Let A be a faithfully flat H-Galois extension. There is an exact sequence
Here H * (H, Z(A coH )) are the Sweedler cohomology groups (with respect to the Miyashita-Ulbrich action of H on Z(A coH )), Pic(A coH ) H is the group of H-invariant elements of Pic(A coH ) and Pic H (A) is the group of isomorphism classes of invertible relative Hopf bimodules. We shall give later more details about these notations. Moreover, g 1 and g 2 are group-homomorphisms, while g 3 is not. We give a proof of the theorem by using the ideas of [14] and the results of [6] and [15] , obtaining in this way an interesting interpretation of the above theorem in terms of Clifford extendibility to A of A coH -modules. The paper is divided as follows. In Section 2 we present our general setting, which involves Hopf-Galois extensions, the Miyashita-Ulbrich action, and most importantly, the concepts of H-Morita context and H -Morita context introduced in [6] , and their relationship with Hopf subalgebras. The main result of Section 3 says that if H is cocommutative and A is a faithfully flat H-Galois extension of B := A coH , then the cotensor product A e := A H A op is a faithfully flat Hopf-Galois extension of the enveloping algebra B e := B ⊗ B op . In the first part of Section 4 we discuss the particular case when A is a cleft extension of the commutative algebra B := A coH , and especially, the characterization of this situation in terms in Sweedler's 1-and 2-cohomology. This is needed in the second part of Section 4, where we review and adapt to our needs the results of Militaru and Ştefan [15] on Clifford extendibility of modules. The cleft extension in discussion is the subalgebra E := A END(A ⊗ B M ) op of rational elements in A End(A ⊗ B M ) op , where M is an H-invariant B-module, and E coH ≃ B End(M ) op is assumed to be commutative. In Section 5 we introduce the H-Picard group Pic H (A) and the H -Picard group Pic H (A coH ) of A coH . It is a consequence of the results of [6] that the groups Pic H (A) and Pic H (A coH ) are isomorphic. In the situation where H is cocommutative, we can introduce the subgroup Pic(A coH ) H of Pic(A coH ) consisting of H-stable elements of Pic(A coH ) (Section 6). The definitions of the maps g 1 , g 2 and g 3 , as well as the proof of the main theorem are given in Section 7. The main ingredient here is the application of the Militaru-Stefan lifting theorem to an H-stable invertible (B, B)-bimodule M , by considering the cleft extension E := A e END(A e ⊗ B e M ) op of E coH ∼ = Z(B). Note that the action of H on Z(B) coming from E is the same as the Miyashita-Ulbrich action coming from A, hence it is independent of M . Section 8 is concerned with the analysis of the map g 3 . It turns out that the action Pic(B) on Z(B) induces an action of Pic(B) H on H n (H, Z(B)), and that g 3 is an 1-cocycle of the group Pic(B) H with values in H 2 (H, Z(B)). The exact sequence describing Pic H (A) given in Section 7 holds in the case where H is cocommutative; in the general case, we can still give a description of Pic H (A), in the case where the coinvariants of A coincide with the groundfield, that is, A is an H-Galois object. This is done in Section 9, and involves Schauenburg's theory of bigalois objects. Modules will be unital and left, unless otherwise stated. For general results on Hopf algebras the reader is referred to [7] , [9] or [16] . For group graded versions of the topics discussed here we also mention [3] and [11] .
Hopf-Galois extensions
Throughout this paper, H is a Hopf algebra, with bijective antipode S, over a field k. We use the Sweedler notation for the comultiplication on H: ∆(h) = h (1) ⊗ h (2) . M H (respectively H M) is the category of right (respectively left) H-comodules. For a right H-coaction ρ (respectively a left H-coaction λ) on a k-module M , we denote ρ(m) = m [0] ⊗ m [1] and λ(m) = m [−1] ⊗ m [0] .
The submodule of coinvariants M coH of a right (respectively left) H-comodule M consists of the elements m ∈ M satisfying ρ(m) = m⊗1 (respectively λ(m) = 1 ⊗ m). Let A be a right H-comodule algebra. A M H and M H A are the categories of left and right relative Hopf modules, and A M H A is the category of relative Hopf bimodules, see [6] . B = A coH will be the subalgebra of coinvariants of b ⊗ a [1] .
We have the following result, due to H.-J. Schneider [18, Theorem I] . The Miyashita-Ulbrich action. Let A be a faithfully flat right H-Galois extension, and consider the map
Then the element γ A (h) is characterized by the property
For all h, h ′ ∈ H and a ∈ A, we have (see [19, 3.4] ):
Using the above formulas, it is straightforward to show that Z(B), the center of B, is a right H-module algebra under the Miyashita-Ulbrich action:
In what follows, we will view Z(B) as a left H-module algebra via (8) h
We will need the following commutation rule in the sequel.
Lemma 2.2. For x ∈ Z(B) and a ∈ A, we have
Proof. From (6), we know that
, and then we can see that
For all h ∈ H, we have that h · x ∈ Z(B). Apply the first formula of (9) with x replaced by a [1] · x; this gives the second formula:
Morita equivalences. We recall here some concepts and results from [6] . These are the main ingredients in the definition of Pic H (A) and of the maps g 1 and g 2 in Theorem 1.1. 
Assume that A and A ′ are right faithfully flat H-Galois extensions of A coH = B and
Morita(B, B ′ ) is the category with Morita contexts connecting B and B ′ as objects. A morphism between the Morita contexts (B,
In a similar way (see [6] 
Hopf subalgebras. Now let K be a Hopf subalgebra of H. We assume that the antipode of K is bijective, and that H is faithfully flat as a left K-module. Let K + = Ker (ε K ). It is well-known, and easy to prove (see
is a left H-module coalgebra, with operations
The class in H represented by h ∈ H is denoted by h. 1 is a grouplike element of H, and we consider coinvariants with respect to this element. A right Hcomodule M is also a right H-comodule, by corestriction of coscalars:
The H-coinvariants of M ∈ M H are then Let i : A coH → A and j : K → H be the inclusion maps. Then we have a commutative diagram
The map i ⊗ j is injective (here we use the fact that we work over a field k). From the fact that can A coH is an isomorphism, it follows that i ⊗ B i is also injective. For k ∈ K, we then have 
an the result follows from the fact that H is faithfully flat as a k-vector space.
In a similar way, we have an isomorphism (
In particular, k is a left H-module via the counit ε, so we have an isomorphism 
B⊗B ′ = (A⊗B ′ )∩(B⊗A ′ ) and (A⊗A ′ ) co(H⊗H) are both subspaces of A⊗A ′ , so it suffices to show that f is surjective.
Applying ε to the fourth tensor factor, we find
In a similar way, we find that i a i ⊗ a ′ i ∈ A ⊗ B ′ . It is easy to show that can A⊗A ′ is bijective. (2) We can apply Proposition 2.6, with H replaced by H ⊗ H, K by H and
We know that A H A ′ is a right H-comodule algebra with structure map ρ given by (11) ρ(
.
Combining these observations with Proposition 2.6, we obtain the following result, which is well-known in the situation where B = B ′ = k. We want to apply this theorem in the case when A ′ is the opposite algebra A op . Since H is cocommutative, A op is a right H-comodule algebra, with coaction ρ given by ρ(a) = a [0] ⊗ S(a [1] ). 
Proof. The map can
Then can A op is bijective since can ′ A and S are bijective. We know from Theorem 2.1 that A ∈ M B is faithfully flat, and this implies that A op ∈ B op M is faithfully flat. It then follows from Theorem 2.1 that A op is also a faithfully flat H-Galois extension. 
Proof. First observe that can A e : A e ⊗ B e A e → A e ⊗ H ⊗ H is given by
Let i : A e → A e be the canonical injection. It follows from (10) that
and the statement is proved.
Cleft extensions and the lifting Theorem
In this Section, we adapt and review the results from [15] , going back to older results from graded Clifford theory, see [8] .
Cleft extensions.
Proposition 4.1. Let H be a Hopf algebra, A a right H-comodule algebra, and B = A coH . We have a category C A , with two objects 1 and 2, and morphisms
The composition of morphisms is given by the convolution product.
Recall that A is called H-cleft if there exists a convolution invertible t ∈ Hom H (H, A), or, equivalently, if 1 and 2 are isomorphic in C A . Then t(1) −1 = u(1), and t ′ = u(1)t ∈ Hom H (H, A) has convolution inverse ut(1), and t ′ (1) = 1. So if A is H-cleft, then there exists a convolution invertible
H (H, A) is an algebra map, then t is convolution invertible (with convolution inverse t • S), so A is H-cleft. Consider the space
We have the following equivalence relation on Ω A : t 1 ∼ t 2 if and only if there exists b ∈ U (B) such that bt 1 (h) = t 2 (h)b, for all h ∈ H. We denote Ω A = Ω A / ∼. Take t ∈ Hom H (H, A) with convolution inverse u such that t(1 H ) = 1 A , and consider the map
Assume that Ω A = ∅, and fix t 0 ∈ Ω A with convolution inverse u 0 . Now consider the bijection
It is then easy to show that F (v) ∈ Ω A if and only if
We will now discuss when F −1 (Ω A ) is a subgroup of Hom(H, B). (1) ω t is independent of the choice of t;
If Ω A = ∅, then we have an algebra map t ∈ Hom H (H, A), and then the map ω t defines a left H-module algebra structure on B, and we can consider the Sweedler cohomology groups H n (H, B), see [20] . We then denote
Proof. (sketch) If H is cocommutative and B is commutative, then (13) is equivalent to
), which is precisely the condition that v is a Sweedler 1-cocycle.
Proof. In this situation, ω t (h ⊗ b) = ε(h)b, for every choice of t. Then (13) is equivalent to v(hk) = v(h)v(k), and the result follows.
Let B# σ H be equal to B ⊗ H as a vector space, with right H-coaction ρ = B ⊗ ∆, and with multiplication
is an isomorphism of right H-comodule algebras. The inverse of φ is given by the formula φ −1 (a) = a [0] u(a [1] )#a [2] . Let σ ∈ Z 2 (H, B). The following statements are equivalent:
(1) σ ∈ B 2 (H, B);
The Militaru-Stefan lifting Theorem. Let A be a faithfully flat HGalois extension of B = A coH . A M H will denote the category of (left-right) relative Hopf modules.
or, equivalently,
for all p ∈ P . The subset of A Hom(P, Q) consisting of rational maps is denoted by A HOM(P, Q). This is a right H-comodule, and A END(P ) op is a right H-comodule algebra.
From the category equivalence between B M and A M H , it follows that
B can be viewed as a right H-comodule algebra, with trivial coaction ρ(b) = b ⊗ 1, for all b ∈ B, so we can consider the category of relative Hopf modules Proof. (sketch) We define a contravariant functor α : C E → D M at the objects level in the following obvious way:
Before we state the definition at the morphisms level, we observe that we have two natural isomorphisms
defined as follows:
coH , the unit of the adjunction (F 2 , G 2 ) (see Section 2) evaluated at M . Since F 2 is an equivalence of categories, η M is an isomorphism. We have an isomorphism
given by the formulas
We then define α 11 = β 2 •α 11 . The isomorphism
is given by the formulas
We have an isomorphism
We then define α 21 = β 1 •α 21 . Finally, the isomorphism
A long computation shows that α 22 is a well-defined isomorphism, and that α is a functor.
Recall from [19] Assume that M ∈ B M is H-stable. Then there is an isomorphism ϕ :
Indeed, the equivalences 1) ⇐⇒ 2) and 3) ⇐⇒ 4) are obvious, and 1) ⇐⇒ 3) follows immediately from the definition of α 12 and α −1
21
. We have seen (cf. comments following Proposition 4.1) that t ′ and u ′ given by t ′ (h) = t(h) • u(1) and u ′ (h) = t(1) • u(h) are convolution inverses, satisfying the additional condition t ′ (1) = u ′ (1) = 1. Thus ψ ′ = α 1 (t ′ ) satisfies (3), and φ ′ =α 2 (u ′ ) satisfies (4) . ψ ′ and φ ′ can be computed explicitly, using the formulas given in the proof of Theorem 4.6:
ψ ′ and ϕ ′ are composition inverses. The proof of the following result is now a straightforward exercise. 
. Then the following statements are equivalent:
Proposition 4.9. For i = 1, 2, take φ i ∈ B Hom(A ⊗ B M, M ), and consider
Proof. We have that t 1 ∼ t 2 if and only if there exists an invertible map
As an immediate consequence, we obtain the Militaru-Ştefan lifting Theorem. Example 4.11. Let A be an H-Galois object, that is, A coH = k, and M = k. Then E = A End(A) op ∼ = A as an H-comodule algebra, and E coH = A coH = k. The mapα 21 : C A (1, 2) and its inverse are given by the formulas
φ ∈ A * defines an A-action A ⊗ k → k if and only if φ is an algebra map. It follows from Corollary 4.10 that Ω A = Alg(A, k). If Ω A = ∅, then it follows from Proposition 4.4 that Alg(A, k) ∼ = Alg(H, k). The correspondence goes as follows. Fix φ 0 ∈ Alg(A, k). φ ∈ Alg(A, k) corresponding to v ∈ Alg(H, k) is given by the formula
Picard groups
The Picard group of an H-comodule algebra. Consider a Hopf algebra H with bijective antipode and an H-comodule algebra A. Let Pic H (A) be the category with strict H-Morita contexts of the form (A, A, P, Q, α, β) as objects. A morphism between (A, A, P 1 , Q 1 , α 1 , β 1 ) and (A, A, P 2 , Q 2 , α 2 , β 2 ) consists of a couple (f, g), with f :
Note that Pic
H (A) has the structure of monoidal category, where the tensor product is given by the formula A, A, A, A, A) . Every object (A, A, P 1 , Q 1 , α 1 , β 1 ) of Pic H (A) has an inverse, namely (A, A, Q 1 , P 1 , β 1 , α 1 ). Up to isomorphism, a strict H-Morita context is completely determined by one of its underlying bimodules; therefore, we use the shorter notation The -Picard group of B. Let M, N ∈ A e M. In [6] , it is shown that M ⊗ B N ∈ A e M. We will need an explicit formula for the A e -action on M ⊗ B N , given in Proposition 5.1 below.
The unit object is (A,
In the proof [6, Theorem 2.4], it is shown that we have an isomorphism
We claim that the inverse α −1
N of α N is given by the formula
It follows from Lemma 6.4 that α −1
N is well-defined. Using the property that
We also compute that
Using α N , the left A e -action on A e ⊗ A e N can be transported to a left A e -action on A ⊗ B N :
, the A-bimodule structure (or left A e -module structure) is given by the formula
We transport this left A e -module structure to A ⊗ B M ⊗ B N :
Using the above formula, we compute that
is an isomorphism. Hence the left A e -action on A ⊗ B M ⊗ B N restricts to an action on (A ⊗ B M ⊗ B N ) coH , and defines an action on M ⊗ B N . We can summarize this as follows.
Then we have the following action on M ⊗ B N : 
It follows from Proposition 5.1 that Pic
is a monoidal category, with tensor product induced by the tensor product over B, and unit object (B, B, B, B, B [1] , for all b, b ′ ∈ B and m ∈ M . The morphisms are the H-colinear B-bimodule maps. For M, N ∈ B M H B , we consider the generalized cotensor product
We have a functor − ⊗ H : B M B → B M H B . For M ∈ B M B , the structure on M ⊗ H is given by the formulas
In particular, B ⊗ H ∈ B M H B . The functor − ⊗ H is monoidal in the sense of our next Lemma.
we have a natural isomorphism
Proof. It is easy to see that the map
is well-defined and right H-colinear. We claim that κ is bijective, with inverse given by the formula
It is clear that
Applying ε to the third tensor factor, we find
hence the claim is verified.
We have a well-defined morphism
The inverse of α is given by the formula
Then we find
Observe that A e = A H A op ∈ B e M H B e , with left and right B e -action given by the formula
Hence we have a second functor
M is a left B e -module, and, a fortiori, a Bbimodule. The right H-coaction on A e ⊗ B e M is given by the formula
Our next aim is to show that the functor A e ⊗ B e − is also monoidal. Before we can show this, we need a few technical Lemmas. Let M ∈ B M B . Then A op ⊗ B M ∈ B M H B , with the right H-coaction induced by the coaction on A op .
Lemma 6.3. Suppose that M ∈ B M B is flat as a left B-module. Then the map
f : A e ⊗ B M → A H (A op ⊗ B M ), k (a k ⊗a ′ k )⊗ B m → k a k ⊗(a ′ k ⊗ B m)
is an isomorphism. In a similar way, if M is flat as a right B-module, then
Proof. Consider the commutative diagram
The top row is exact because M is left B-flat, and because of the definition of the generalized cotensor product. The exactness of the bottom row also follows from the definition of the generalized cotensor product. It follows from the Five Lemma that f is an isomorphism.
Lemma 6.4. For all a ∈ A, the element
Proof. By Lemma 6.3, it suffices to show that x ∈ (A ⊗ B A) H A op . Indeed,
Proof. It follows from Proposition 3.5 that A e is flat as a left B e -module.
Since B e is flat as a left B-module, we have that A e is flat as a left Bmodule. We have shown in Lemma 6.4 that x ∈ A e ⊗ B A e . Now 
Proof. It follows from Lemma 6.5 that f is well-defined. The inverse of f is defined as follows.
Let us show that f −1 is well-defined. First we show that f −1 (y) ∈ A e ⊗ B.
Since y ∈ A e ⊗ H B A e , we have that
For any vector space V , we have that (V ⊗ A) coH = V ⊗ B (B is flat over k), so the above computation shows that f −1 (y) ∈ A e ⊗ B. Let us next show that f −1 (y) ∈ A e ⊗ B: since y ∈ A e ⊗ H B A e , we have that
Let us finally verify that f and f −1 are inverses.
We compute that
It follows from Lemma 6.6 thatg restricts to a map
It is obvious that g ∈ B M H B , and that g is bijective with inverse
As a conclusion, we obtain the following Lemma.
Remark 6.8. It follows from Lemmas 6.1 and 6.7 that, for M, M ′ , M ′′ ∈ B M B , we have isomorphisms
in B M H B that are natural in M, M ′ , M ′′ . We now consider the notion of H-stability, as introduced before Corollary 4.7, but with B replaced by B e and A by A e . The (B, B)-bimodule M is H-stable if there exists an isomorphism
Proof. We define ϕ M ⊗ B M ′ by the commutativity of the following diagram:
Suppose that M, M ′ ∈ B M B are H-stable, and let 
Summation is implicitly understood. Using the definition of α 12 and the commutativity of (17), we compute
We will need a slight improvement of this formula. For b ∈ B, we have
We have that B is a left A e -module, with action
It follows from Corollary 4.7 and Proposition 4.8 that ϕ B is an isomorphism in B M H B . Now take M = (B, B, M, N, α, β) ∈ Pic(B). We call M H-stable if there exist isomorphisms
such that the following diagrams commute: 
is a subgroup of Pic(B), called the H-stable part of Pic(B).
Proof. Assume that M 1 and M 2 are H-stable. It follows from Proposition 6.9 that M 1 ⊗ B M 2 and N 2 ⊗ B N 1 are H-stable. A commutative diagram argument taking Remark 6.8 into account shows that the diagrams (19) (20) ,
is also H-stable.
7.
A Hopf algebra version of the Beattie-del Río exact sequence
As in the previous Section, let H be a cocommutative Hopf algebra, and A a faithfully flat H-Galois extension of B. Take M ∈ Pic(B) H . Then we have an isomorphism ϕ :
We have that E = A e END(A e ⊗ B e M ) op is an H-comodule algebra.
Proof. We first observe that
The second isomorphism is due to the fact that A e ⊗ B e − : B e M → A e M H is a category equivalence, by Theorem 2.1 and Proposition 3. For later use, we give an explicit description of the isomorphism
We have seen in Theorem 4.6 that there are isomorphisms
Using Proposition 3.5, we compute u = α −1 21 (ϕ) and t = α −1
Since E coH ∼ = Z(B) is commutative, we can apply Proposition 4.2, and we find that Z(B) is a left H-module algebra. We will show in Proposition 7.3 that the left H-action on Z(B) is independent of the choice of M ∈ Pic(B) H , and is given by the Miyashita-Ulbrich action (8).
Lemma 7.2. For x ∈ Z(B), m ∈ M and h ∈ H, we have that
Proof. Write
Since ϕ −1 is right H-colinear, we have that
Then we compute
and it follows that
is H-stable. The corresponding left H-action on E coH is given by the formula h•λ x = λ h·x , for all x ∈ Z(B).
This means that the transported action on Z(B) is the Miyashita-Ulbrich action given by (9).
Proof. Take x ∈ Z(B) and the corresponding λ x ∈ E coH . The action of h ∈ H on λ x is given by (see Proposition 4.2)
and we have
Using (6,12), we find
Since φ is left B e -linear, we find
This shows that h • λ x = λ h·x , for all x ∈ Z(B).
It follows from the discussion in Section 5 that the functor Pic H (B) → Pic(B) restricting the A e -module structure on the connecting bimodules to the B-bimodule structure is strongly monoidal. This implies that we have a group homomorphism that Ω E ∼ = H 1 (H, Z(B)), hence we have a bijection between H 1 (H, Z(B)) and Ker (g 2 ), and an injection
We will now describe this injection explicitly, and show that it preserves multiplication.
Let φ 0 be the left A e -action on B corresponding to the trivial element in Pic
21 be the corresponding element in C E (2, 1). Using the formulas in the proof of Theorem 4.6 we obtain that
Let α ∈ Z 1 (H, Z(B)), and take G(α) = t = α * t 0 ∈ Ω E (see Proposition 4.3). Then t(h) = t 0 (h (1) )•α(h (2) ), and u(h) = t(S(h)) = u 0 (h (1) )•α(S(h (2) )). We compute φ α =α 21 (u), using the formulas given in the proof of Theorem 4.6:
This means that g 1 (α) is represented by B, with left A e -action given by
Let M ∈ Pic(B) be H-stable. Then there exists an isomorphism 
(ψ) ∈ Hom
H (H, E) is convolution invertible and satisfies the condition t(1) = 1. In Proposition 4.5, we constructed a cocycle σ ∈ Z 2 (H, Z(B)). Now let Z(B) ). This defines a map
It follows from Proposition 4.5 that g 3 ([M ]) = 1 if and only if there exists an algebra map t ′ ∈ Hom H (H, E). By Proposition 4.8, this is equivalent to the existence of an associative left A e -action φ : A e ⊗ B e M → M , which is equivalent to [M ] ∈ Im (g 2 ). We conclude that Im (g 2 ) = Ker (g 3 ). Our observations can be summarized as follows. 
Observe that Pic H (B) ∼ = Pic H (A) and Pic(B) H are non-abelian groups. The category of groups is not an abelian category, so it makes no sense to talk about exact sequences of groups. In the statement in Theorem 7.5, exactness means that g 1 is an injective map, and that Im (g i ) = {x | g i+1 (x) = 1}, for i = 1, 2. The maps g 1 and g 2 are group homomorphisms. An example given in [4] shows that g 3 is not a group homomorphism in general, even in the case of group graded algebras. We will discuss in Section 8 the property satisfied by g 3 .
g 3 is a 1-cocycle
We recall from [10] It is easy to show that ξ M (xy) = ξ M (x)ξ M (y). We will show that this action defines an action of Pic(B) H on H n (H, Z(B)), so that we can consider the group of cocycles Z 1 (Pic(B) H , H 2 (H, Z(B))). We will then show that g 3 is such a 1-cocycle. Our first aim is to show that the action Pic(B) H on Z(B) commutes with the action of H on Z(B). First, we need some Lemmas.
Proof. This follows immediately from the fact that mx ⊗ h = ξ M (x)m ⊗ h in M ⊗ H, for all m ∈ M , x ∈ Z(B) and h ∈ H, and the fact that we a (B, B)-bimodule isomorphism ψ M : M ⊗ H → A e ⊗ B e M .
Lemma 8.2. The map
is an isomorphism.
Proof. Observe first that A e ⊗ B e B and A⊗ H B A op are objects of the category A e M H . It follows from Theorem 2.1 and Proposition 3.5 that it suffices to show that
From the fact that A ∈ B M is faithfully flat, we deduce that
Apply ρ A to the second tensor factor (ρ A is left B-linear), and then multiply the second and third tensor factor. This gives 1 ⊗ B a [0] ⊗ a [1] = 1 ⊗ B a ⊗ B 1, and it follows that a ∈ B. This shows that the map
is an isomorphism. 
for all h ∈ H and x ∈ Z(B).
and m ∈ M , we compute that (
Now take an arbitrary n ∈ N . Applying Lemma 6.5, we find
to both sides (see (16) ). Using (5), we obtain
for all k a k ⊗ a ′ k ∈ A e , x ∈ Z(B) and b ∈ B. Using Lemma 8.2, we find that
We apply (A ⊗ ε) • γ A to both sides; this gives
and, finally,
which gives the desired formula. Since Pic(B) H acts on H 2 (H, Z(B)), we can consider the cohomology group
H , and consider the corresponding total integrals
We recall from Section 4 that
is defined by the formula This means that
This shows that
Consequently,
which proves the Theorem. The inverse of f is given by the formula
For N ∈ A H A op M, we have an isomorphism
Here ψ is the natural isomorphism. The A-bimodule structure on A ⊗ N is obtained by transporting the A-bimodule structure on (A H A op )⊗ A H A op N to A ⊗ N using g. Take a, a ′ , a ′′ ∈ A and n ∈ N . Then The algebra morphism α corresponding to b ∈ k is determined by the formula α(x) = b. Now fix a ∈ k, and consider S = k[y]/(y q − y − a). It follows from Proposition 9.1 that Pic H (S) ∼ = {b ∈ k | b q = b}.
The (S ⊗ S op , H)-Hopf module P representing the element of Pic H (S) corresponding to b satisfying b q = b is equal to S as a left S-module and a right H-comodule. The right S-action on P is completely determined by the right action of y on p ∈ P = S. Since y Before we present our final Example 9.4, we make the following observation.
Suppose that H is a finite dimensional commutative Hopf algebra. Then H * is a cocommutative Hopf algebra. If A is an H * -Galois object, then A is an H-module algebra, with left H-action h(a) = a [1] , h a [0] . Furthermore Alg(H * , k) = G(H), the group of grouplike elements of H. Take g ∈ G(H); (31) can then be rewritten as (32) a · a ′ = ag(a ′ ).
